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Abstract. In this paper we consider weakly holomorphic modular forms (i.e. 
those meromorphic modular forms for which poles only possibly occur at the 
cusps) of weight 2 — k € 2Z for the full modular group SL2(Z). The space has 
a distinguished set of generators f2—km- Such weakly holomorphic modular 
forms have been classified in terms of finitely many Eisenstein series, the unique 
weight 12 newform A, and certain Faber polynomials in the modular invariant 
j(z), the Hauptmodul for SL2(Z). We employ the theory of harmonic weak 
Maass forms and (non-holomorphic) Maass-Poincare series in order to obtain 
the asymptotic growth of the coefficients of these Faber polynomials. Along 
the way, we obtain an asymptotic formula for the partial derivatives of the 
Maass-Poincare series with respect to y as well as extending an asymptotic for 
the growth of the l-th repeated integral of the Gauss error function at x to 
include <£l and a wider range of x. 



Let Sk be the space of weight fc € 2Z cusp forms for the full modular group 
SLa(Z). The first case where Sk is non-empty is k = 12. Let A(z) 6 S\2 be 
the unique normalized weight 12 cusp form (newform) for the full modular group 
SLa(Z). Following Ramanujan, we denote the Fourier coefficents of A by r{n) and 
refer to r : N — > Z as Ramanujan 's tau junction, so that 



where q = e 27r4Z . Since A(z) does not vanish on the upper half plane, inverting A 
leads naturally to the study of weakly holomorphic modular forms, that is, those 
modular forms which are holomorphic on the upper half plane but which are only 
meromorphic at the (unique) cusp oo. We denote the space of weight 2 — k weakly 
holomorphic modular forms on SL2(Z) by M^_ k - For fc > 2, let d := dk denote 
one less than the dimension of the space of holomorphic modular forms, so that 
dk = dim(S'fe) when fc ^ 2 and di = — 1. There is a distinguished set of generators 
/2-fe.m G Mo_f, (m € Z) which satisfy 



and moreover /2-fc.m is unique among weakly holomorphic modular forms satisfying 
(jl.ip . The /2-fc,m are natural in a number of ways. When fc = 2, this set plays 
a central role in the study of singular moduli [20J and is closely knit to the Hecke 
operators [2j. By work of Duke and Jenkins [7], there is also a duality which 

Date: April 19, 2011. 

2000 Mathematics Subject Classification. 11N37, 11F37, 11F11, 26A33, 11J91. 
Key words and phrases. Faber polynomials, Poincare series, harmonic weak Maass forms, 
special functions, Gauss error function. 



1. Introduction 



A(z) = J2r(n)q n , 



n>l 



(1.1) 
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relates the n-th Fourier coefficient of f%-k,m to the m-th Fourier coefficient of fk,n, 
paralleling the duality in the weight | case famously obtained by Zagier [3U] while 
giving a new proof of Borcherds' identity. In the case k = 2, /o )TO have also been 
shown to satisfy interesting congruences under the U (p) -operator. For example, 
Lehner |15| proved that fo,i\U(p) is congruent to a constant (mod p) whenever 
p < 11, while Serre fTB] has shown that 

/o,i|tf(13) = -A(z) (mod 13) 

and that fo, m \U(p) is never congruent to a constant (mod p) whenever p > 13. 
Elkies, Ono, and Yang [5] have recently considered the more general question of 
whether linear combinations of fo,m\U(p) can be congruent (mod p) to a linear 
combination of other fo, m ' by relating this question to the study of supersingular 
j-invariants. 

An inspection of the set {f2-k,m\'m > d} leads one naturally to a study of gen- 
eralized Faber polynomials, first defined when k — 2 by Faber in [9] and generalized 
in |10j . which in the case k = 2 are related to the denominator formula for the Mon- 
ster Lie algebra. Indeed, these weakly holomorphic modular forms are explicitly 
constructed by Duke and Jenkins [7] as 



(1.2) h-u.m{z) 



E k ,{z)A(z)- d - 1 F m {j{z)) if to > d, 
if to < d, 



where k' G {0, 4, 6, 8, 10, 14} with k 1 = 2 — k (mod 12), is the Eisenstein series 
of weight k' , and F m is a generalized Faber polynomial of degree to — d — 1 chosen 
recursively in terms of f2-k,m' with to' < to to cancel the associated negative 
powers of q. Since j(z), A(z) _1 , and Eyi^z) all have integral coefficients, one sees 
inductively that the coefficients of the Faber polynomial are all integers. Denote 
F m (x) := F m (x + 1728), so that F m (x - 1728) = F m (x). Then in particular 

F m (^-(z))=F m (j(z)). 



^ A 

We denote the r-th coefficient of the polynomial F m by c m ^ r . Our goal will be to 
determine the asymptotic growth of the coefficients c,„ jr in terms of to and r. 

In order to establish asymptotics for these coefficients, we will investigate as- 
ymptotic growth for derivatives of certain Poincare series. For an integer to and a 
function tp m : R + — > C satisfying ip m (y) = O (y a ) for some a € R as y — > 0, the 
Poincare series P(m, fc, ip m ; z) is defined by 

P(m,k,tp m ;z) := V Lp* m \ k A{z) 



A<Er oa \SL 2 (Z) 



where 
and 



Ml b )i(z) = (cz + dr k f 



v c dj K ' J \cz + d / 

is the usual weight k slashing operator. Choosing (f m (y) = e~ 2mny (so that <fim(z) 
q m ) for k > 2 leads to the classical family of holomorphic Poincare series 

P(m, k; z) := P(m, fc, e(imy); z), 
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while choosing 

<fm(y) '■= Mh (Anmy) 

with 

MM ^\y\-^M {l _ i)sgn{y) s ^(\y\), 

where M v „(z) is the usual M-Whittaker function, leads to the Maass-Poincare 
series (see for example |11| ) 

F(m, 2 — k; z) := P(— m, 2 — fc, (p- m ; z). 

The Maass-Poincare series are what are known as harmonic weak Maass forms (see 
which satisfy the same modularity as modular forms, but where holomorphicity 
is replaced by the real analytic smoothness condition that they are annihilated by 
the weight (2 — k)-th hyperbolic Laplacian 

The Maass-Poincare series (in a more general setting where the weight can be a half 
integer and SL2(Z) may be replaced with a congruence subgroup) have played a 
prominent role in recent years. For example, Bringmann and Ono have shown that 
their coefficients satisfy a duality similar to that given by Zagier |4j , they were used 
to determine exact formulas for Ramanujan's mock theta function /(<?) (which is 
the "holomorphic part" of a certain Maass-Poincare series), proving the Andrews- 
Dragonette conjecture [3], and have been used to give lifts from holomorphic cusp 
forms to harmonic weak Maass forms [5]. 

Throughout this paper to will denote a positive integer and k will be taken 
to be at least 2. The bounds on c m ^ r will be established by first determining 
the growth of F^(m,2 — k;i), where for a function f(z) with z G H, we will 
abuse notation to denote the partial derivative with respect to y by f'(z) and more 
generally we will denote the r-th derivative of / with respect to y by f^ r \z) := 
^l-(z). Our main result will be to show an asymptotic relationship between c m ^ r 
and |F(0(m,2- k\i)\ for some a r € N depending on r. 

Theorem 1.1. Suppose 2 < k g 2Z, m E N, and < r < m. Then there exist 
constants C\ depending only on k and a universal constant Ci such that 

2 (mod 4) 
(mod 4). 

In order to obtain an asymptotic for c m r in terms of simple functions of m and r 
(elementary functions in either variable when the other is fixed), we next determine 
an asymptotic for |i ?( - a * (to, 2 — fc;i)| with a r = 2r or 2r + 1. In order to write 
down our results, we define 

Note that for r < to one has 1 < X(r, to) < X(m, to) m 1.139652204 for to ^> k. 



CiC r 2 



|f<^(m,2-fc;i)| 

{577! V K 

\F^Hm,2-k-i)\ 

(2r+l)! J * 
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Theorem 1.2. Suppose that m is sufficiently large and k > 2. Then F(m, 2 — k; z) 
has at most one root on the line iy,y£l&. This root occurs precisely at z = i if and 
only if k = (mod 4) and in that case it is a simple root. Moreover, for r < m, 

(1.4) F (2r) (m,2-fc;i) - T{k) ^1 + C(2r, m)X{2r, mf r - h ^ L+ ^ 

■ exp (-2irm(X(2r, m) - l) 2 ) (2i:mf r e 2 " 



in the case that k = 2 (mod 4), where 



(1.5) 

while 



C(r, m) 



= 0(1), 



y/X(r, m) + 1 - X(r, m) _1 

(1.6) F (2r+1) (m,2- k;i) ~r(k)(l + C(2r + l,m)X(2r + l,m) 

■ exp (-27rm(X(2r + 1, m) - l) 2 ) \ (2irm) 



2r+l e 27rm 



m the case that k = (mod 4). 

(1) It is worth noting that while C(r, m) is not a constant, the fact that X(r, m) 
is bounded from above and below by a constant means that C (r, m) also has 
this property. Indeed, for r = o(m) one has C{r, m) ~ 1. Moreover, in the 
case that r = o (y/m), the asymptotic in (|1.4| rather pleasantly becomes 

F( 2r > (m, 2 - jfe; i) - 2T(fe) (27rm) 2r e 2 ™, 



while, under the same restrictions, (|1.6[) becomes 
F (2r+1) (m,2-/c;i) ~ 2r(fe) (27rm) 



2r+l 27rm 



(2) Duke and Jenkins [7\ have shown that for m > 2d all of the zeros of 
f2-k.m{z) lie on the unit circle. It is not too difficult to show that F(m, 2 — 
k; z) grows asymptotically (in m) like f2-k,m(z), and hence it does not 
come as a surprise that there are no zeros on the line z — iy for sufficiently 
large m. However, they show explicit examples where there exists a zero 
outside of the unit circle. It might be interesting to investigate whether 
such a zero is ever contained on the line z — iy and whether the condition 
of m sufficiently large is necessary. 

Theorem 1 1 . 21 leads to the following more precise version of Theorem 11.11 involving 
the growth of the coefficients c m ^ r of the Faber polynomial. To describe our results, 
we first define the constants (independent of m and r) 

Ci 



A^+i(i) if k = 2 ( 1110d 4 )' 

^§ iffc = (mod 4), 



and 



a 



2 



585.200048. 
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Remark. While C2 is also independent of k, C\ depends on k, but in a very pre- 
dictable way, since it only depends on 

A(i)- d « (536.4954009) d 

and fc', which only depends on k (mod 12). 

Theorem 1.3. Assume 2 < k € 2Z. Whenever k = 2 (mod 4), for < r < m — 2 

one has that 

(1.7) 

/ O \2T" 27T77T 

Cm,r ~ (l + C(2r, m)X(2r, mf^^+i e xp (-27rm(X(2r, m) - l) 2 )) ^y j^r ■ 
w/ijfe whenever k = (mod 4) ; one /ias 

(1.8) c m , r ~ f 1 + C(2r + l,m)X(2r + 1, m) 2r+1 -^+3 

• -P (~2n m (X(2r + 1, m) - I) 2 ) j M ^ 



L o 2 



Remark. In the case that r = o (^/ni) we note again that this becomes 

/ (27rm) 2 



\2r 2-n-r, 



whenever k = 2 (mod 4) and 



whenever k = (mod 4). 



V (2r)!dC5 

{2nm) 2r+1 e 2v " 
{2r + l)\C 1 C r 2 



The paper is organized as follows. In Section[2l we recall the Fourier expansion of 
the Maass-Poincare series, due to Bringmann and Ono [5], and establish an equality 
for the coefficient c TOi o in terms of a certain linear combination of Maass-Poincare 
series F(n, 2 — k; i) or their derivatives, leading naturally to the consideration of 
derivatives of Poincare series in determining the growth of the coefficients of the 
polynomial. In Section[3l we prove Theorem 1 1.2 1 Along the way, we prove a lemma 
which gives an asymptotic for the n-th repeated integral (and, more generally, 
the £-th repeated integral, where £ can be taken to be any real number, following 
the definition given in fractional calculus) of the Gauss error function, which are 
related to the parabolic cylinder functions (see [TB], p. 76) and have been studied 
going back to Hartree |13| due to their role in physics and chemistry. In Section 
IH we prove Theorem II .31 by showing that the constant c m , r times {2r)\C\C2 (resp. 
(2r+l)!CiC£) is asymptotically equal to {m,2-k;i) (resp. F ( - 2r+1 '> (m, 2-fc; i)) 
whenever k = 2 (mod 4) (resp. k = (mod 4)) and then invoking Theorem 11.21 



2. Evaluating the constant term 



The goal of this section will be to determine a formula for the constant term of 
the Faber polynomial in terms of the derivatives of the Poincare series. 
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Proposition 2.1. For 2 < fc 6 2Z ; f/iere exist constants bt, . . . ,bd € Z suc/i t/iat 
1 ( F{m,2-k;i) A %2-_^)\ 

( } Cm '° = r\fc) ^ ^ ^ n c£ J 

In particular, for k — 12 one /las 

1 ^'(m,-10;i)A 2 ( t ) ,F'(1,-10;*)A 2 (*) 
(2.2) c mj0 = -77 . ., ... r(m; 



11! V (En)' (i) (Bw)' (i) 

Since c mj o, &i, • • • € Z, the following corollary about the rank of the Z-module 
generated by F(m, 2 — fc; i) when k = 2 (mod 4) and F y (m, 2 — k; i) when fc = 
(mod 4) follows immediately. 

Corollary 2.2. Suppose that k > 2. TTien i/ie Z-module generated by 

'{F(m,2- k;i)\m e N} fc = 2 (mod 4), 
{F(m,2-fc;j)|meN} fc = (mod 4), 



5' 



/las ranfc at most d + 1 . 

Our argument will go through the Fourier expansion of the Poincare series. 
Bringmann and Ono [5] have shown that F(m, 2 — fc; z) has the following Fourier 
expansion. 

Proposition 2.3 (Bringmann-Ono [S]). 

F(m, 2 - fc; z) = (1 - fc)g~ m (T(fc - 1, 47rmy) - T(fc - 1)) + ^ c y (n)q". 

For n =/= 

j^2-fc(-m,n,c) 
c 

c>0 



e» = 2™ fc - 2 £ 



fe— 1 

m 



' (1 - fc)r (fc - 1, |47rm/|) J fc _! (^L^H) n < 0, 

-r(fc)4_r (^v^H) ™>°> 



and 

c,(0) = -(2™) V" 1 £ g2 - fc( ~ fc m '°' c) . 

c>0 



We begin with the proof of Proposition 12.11 

Proof of Proposition \2.1[ Consider the harmonic weak Maass form 

f2-k,m{z) - F(m, 2 - fc; z). 

Let the principal part of f2-k,m(z) be given precisely by q~' n + Yl n =i bnq~ n - Note 
that since j(z), A~ 1 (z), and Ek'(z) all have integer coefficients, all coefficients of 
f2-k.m{z) are integers, and hence in particular b n G Z. Recall that a harmonic 
weak Maass form which maps to a cusp form under the operator : = %iy 2 ~ k -§= 
whose principal part is constant must be zero (for example, see Lemma 7.5 of |17|). 
Thus 



(2.3) f2-kMz) = j^y \F{m,2-k;z) + 



^o„F(n,2-fc;z) j , 

n=l / 
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since the difference has no principal part and maps to a cusp form. We then use 
the fact that 

(oa) f (a-f f^M\ ( g^lf) ^ EkM m y \ (&M 

[ ] J 2 ~ k ^ z > - tm \ A(z) J ' \A d+1 (z) J ~ Ad+Hz) £j Cm ' n { A(z) 
Since Eq(i) = and A has no roots in the upper half plane, it follows that 

z-M \ A(z) J 

unless n = Q. We then multiply on both sides of equation (I2.3[) by E and take 
the limit z — > i, giving the hrst statement. 

In the case fc = 12, by the work of Bringmann and Ono [5] we have 

(F(m, 2 - fc; z)) = (fc - 1) (47rm) fc_1 P(m, fc; z). 

Since the space S12 is one dimensional, one has P(m, k; z) = c m A. One obtains 
(iSm) il times the m-th Fourier coefficient of A by integrating against P(m, fc; z) 
(cf. QJ], p. 359), so that 

r(11) n r(m) - (A,P(m,fc;z)) =c m ||A|| 2 . 
(47rm) li 

Hence P jjj?'t' Z \ — — = ■ Therefore, it follows that 

(F(m, 2 - fc; z) - r(m)F(l, 2 - fc; z)) = 0, 

and hence 

h-Kra = (F(m, 2-k;z)- r(m)F(l, 2 - fc; z)) , 
so that bi = t(to). □ 



3. Derivatives of Poincare series 

We will first show the asymptotic growth for p( 2r+<5 ) (m, 2 — fc; i), where 6 = 
if 2 — fc = (mod 4) and (5 = 1 if 2 — fc = 2 (mod 4) . Our argument will be based 
on the Fourier expansion of the Poincare series. 

The following technical lemma will be helpful in establishing Theorem 11.21 and 
includes bounds for the n-th iterated integral of the error function whenever £ — n 
is taken to be an integer, generalizing work of Gautschi |12) . which may be of 
independent interest within chemistry and physics due to the emergence of these 
special functions in those fields. 

Lemma 3.1. Let < A, B e E and £ = 1(A) € K be given such that if £ < then 
£ is a fixed constant with respect to A and B is a fixed constant independent of A 
and £. We denote L := 21 + 1 and 



X :=X (£,A,B) : =I(l + Jl + -gL 



for brevity. 



cS 
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For L < BA 2 , one has the asymptotic 

(3.1) l:=l itA , B := x e e- B ^- A ^dx 
Jo 



^1 + X -X 
as A — > oo . 



A 2 B 



Proof. We first shift x — >• (x + A) 2 to rewrite 



oo 

2£+l -Bo: 2 



(3.2) 1=2 (x + A) 2li+i e- Bx dx. 

J -A 

Up to a normalization, this is the (21 + l)-th integral of the Gauss error function 



2 



(3.3) er%) := -= / e~ x dx 



'TV 



evaluated at — A. Due to the appearance of these integrals in chemistry and physics, 
asymptotics have been extensively studied when 21 + 1 6 N. Asymptotics in the 
case —A < were given by Gautschi when i = 0(A). 

First assume that I = O (A 2 B). We next pull A L out of the integral and then 
make the change of variables x — > -j= + ^xb ^ or 



(3.-1) „:= - l + \ 1 + -J^ 



This gives 
(3.5) 



A L \ f°° ( x + " x 1 



X 2 Ix/sJ J-aVb-^b [ 1+ ) ° XP V V + 2AVsj J dT ' 

We now use the equation 
(3-6) 

[ 1+ m) 9iA) =ex P (^)ln(l + /(A)- 1 )) ~fflp^(-r^) , 

valid whenever /(A) > 1 for ^4 sufficiently large, with 5(A) = L and /(A) = 
, ■ Here the condition for f(A) is satisfied because L < A 2 B and hence 



■l + Jl + ^<v / 3-Kl. 



A 2 B V A 2 B 

We now expand /(^4.) _n using the binomial theorem. The n-th term of the sum 
becomes 

n+j " 



When a = o^Aa/B^, then this sum is clearly asymptoticaly o(l) for all n > 1. 
Otherwise the asymptotic is increasing as a function of j, and for j < n — 2 the 
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terms are bounded by 



~n— 3 



o 



L 



2n-3 



Since a = 0(A 2 B) and L = 0(A 2 B), this becomes 



o ( (aVb 



= o(l). 

Therefore, setting Y := g , the exponential in (|3.6[) is asymptotically equal to 



(3.7) exp 



L 



E 

n=2 



(-1)' 



exp - 



a V(l + ^) 2 



yr. 



OO 

n=l 
2L 



E 

n=l 



( _y)» 



(_!)"+! 



_ 1 a? - _ AVB 



1 



- 1 a; + £ln(l + y; 



2(") 

since = n — 1 and the first sum is then merely the power series expansion of 
the derivative of the geometric series with the n = 1 term missing. We now look at 
the coefficient in front of x in the integrand of (|3.5[) . This equals 




A 2 B 



A B 



2L 
A^B 



2L 
A^B 



We now determine the coefficient in front of x 2 . This equals 



L 



1 



a \{l + Y) 2 

Using the fact that (1 + Y)a = L and Xq = 1 + Y, this then equals 

Xo 1 -X -l = -(l+X - X^ 1 ) . 

Noting that 1 <C Xq *C 1 , we may consider the statement of the lemma for conver- 
gent subsequences where the limit lim J 4_ i . 00 Xq(£, A, B) exists. Hence the coefficient 
of x 2 converges to a fixed value, and the fact that I < implies that I is a fixed 
constant shows that the coefficient of x 2 converges to a constant less than or equal 
to — 1 . By first pulling the terms 

' a 2 \ 
~4A 2 Bj 

from the constant coefficients of the integrand, we can hence use the dominated 
convergence theorem (considering the integral over the entire real line where the 



(3.8) 



(f + F) exp 
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function is zero outside of the support) and the value of the error function over the 
whole real line to conclude that 



2A L 



Xq exp 



After plugging in the definition (|3.4p of a, one sees that this is precisely equation 

(E3). 

□ 

Proof of Theorem We will separate into the cases where k = 2 (mod 4) and 
k = (mod 4). We will only show the k = 2 (mod 4) case here, but the k = 
(mod 4) case is entirely analogous. In this case, we plug z — iy into the expansion 
given for the Fourier coefficients in Proposition 12.31 We begin with the expansion 
given in Proposition 12.31 and directly differentiate 2r times with respect to y. 

For every n > 1 we separate the c — 1 term from the sum given in c y (n) and 
note that K2-k(—mi n, 1) = 1 to obtain 



F^ 2r \m, 2 - jfe; iy) = T(k) ^ {2mnf r e 27,my 

+ Em 2 



n>0 



4-1 (47rv / mri) +£ , 2r(2/), 



where 



(3.9) E (y):=(27T) k m k - 1 Y, 



K 2 -k(-m,0,c) 



+ (1 - fc)r(fe - l,47rm?/)e 



2irmy 



00 



+27r(fc-l)y I— 2 e- 27r " ! T(fc-l,-47rn 2 /)y 



n<0 



K 2 -k(-m,n,c) 



c>0 



-in 



Jk-i ( — \/|mn 



K 2 -k(-m,n,c) 



An 

4-1 | —\Jmn 



denotes the sum of all of the terms corresponding to n < and all of the terms 
with n > and c > 1, and furthermore E r (y) := E^\y). 

To determine the asymptotic of the derivatives at z = i we plug in y = 1 and 
bound £V(1). We will first show the asymptotic growth of the main terms 



(3.10) 



{2nmy r e 



2r 2-irm 



2n^(2nn) 



2r e -27rn 



n>0 



/fc-i (An^/mn) 



all of which are real and positive. The term (27rm) 2r e 2,rm clearly exhibits the 
growth given in Theorem 11.21 with constant 1, and hence to show that the main 
terms satisfy the given asymptotic, it suffices to show that 



(3.11) 



o_ \ /o \2r — 2-nn 

lit 2,{^ 7rn ) e 



n>0 



Jfc_l (47r % /mn) — (27rm) 2r e 2 



Since m is large, we may use the asymptotic 



(3.12) 



I a (x) 



'2nx 
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to bound the 7-Bessel function in each case. This shows that the terms in f)3. 10|) 
are asymptotically equal to 

(3.13) (2ttto) e + — = > -y- 

v2 n>0 (mn)3 



2 ^ — 2-Kn-\-A i Ky/mn 



Sell := 2r-^=i-i. Denote the n-th term of the sum in ([3~T3|) by a„(27r) 2r m— 
Consider the function 

(3.14) f(x) := exp (£ln(x) - 2ttx + An^/myjx) . 

Set 

( , i s 2 

if to + —l\pm > 0, 



x 



1 otherwise. 



One easily determines that the function /(x) is increasing as a function of x for 
1 < x < xq and decreasing for x > Xq. We write 

|7(i) *<i, 

/lfa) : = S f( x ) 1 < x < x , 
[/(x ) x > x , 

and 

, / s // («o) & < x , 
[/(x) x>x , 

and see clearly that /i and ji are monotonic, with fi(n) = a n for 1 ^ n < xq and 
fain) = On f° r n > xo- One then bounds the sum 

1*0 J Ax \+1 rx 

Y^a„< / /i(x)dx = (|x J + 1 - xq) f (x ) + / /(x)dx 

„=i J i Jl 

since the left hand side is a Riemann lower bound for the integral and the integral 
from xo to [xoj + 1 is easily computed. Meanwhile, 

L X °J r[xoi Ax \ 

Y\ a n > / /i(x)dx = /(l) + / /(x)dx 

n=l J ° Jl 

since the sum is a Riemann upper bound for this integral. Similarly, using the 
function /2(x), we obtain the bound 

/>oo °° poo 

/ /(x)dx < Y, ^ ( x ° ~ L^oJ ) / (xo) + / /(x)dx. 

J I Xq I +1 I lii J Xq 

Hence we obtain 

/(l) - /(x ) + / /(x)dx < V a n < f (x ) + / /(x)dx. 

- 71 n>0 Jl 

We will see later that /(l) and / (xq) contribute to the error. First we will give an 
asymptotic for the integral 

(3.15) ^Lm^-k [°° x e e- 2 ™ +4 ^^dx. 

v 2 Ji 
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We rewrite the integral in (|3.15|) as 



fc-1 



and then use Lemma T3. II with B = 2n, A = ^frn and t = 2r — K^- — 4 to give the 
asymptotic 

V2 = | exp -27ra; + 2vrmy 1 + -^j- I 

Vi+(t)'-(f) 5 v v 7 

for the integral. Plugging this into (|3.15ll and noting that 

I 4£ + 2 
2wmy 1 + 2?r™ = 2ny /r m^/xo 

gives the asymptotic 
(3.16) 

/■do /r, \2r 4=1-1 ^+3 
, s2r l / „. . , (271") 771 ^ 4j; 

(2tt) m~ — 3 / /(x)da; v ' exp (-2tt:z;o + 27T V / m v / ^o) ■ 

v i+ ^"-(-)' 

We now recall the definition (|1.3I) of X(r, m) in order to rewrite this as 



exp I — 2-Km (X(2r, m) — 1) 



(3.17) 

(2n) 2r e^m^-i ■ m 2r - h ^ 1 +iX(2r, m) 2 
^1 + X(2r,m) - X(2r,m)- 

= (2 TO ) 2r " 2 ' m ; ^^"^ ex p (-2.777 (X(2r, m) - I) 2 ) , 
V /1 + X(2r,777)-X(2r,m)- 1 \ ^ 

as desired. We now return to the terms /(l) and / (xq). The term /(l) = 
e -2fr+47r % /m c j ear iy j s an error term when compared against (|3.17p . When xq =^ 1 
we then evaluate the term 

(3.18) / (x ) = exp (—2ttxq + A-Kyfm^/xo) . 

Comparing with (|3 . . we see that 

f( X0 ) = O 1 Km * {xoJ / /e-M^^) 2 dl 

V^o Jl 

V / 

Since to icq <C to, one has that 



Xq 

while t/xq — ¥ oo as to — > oo. It follows that / (xq) contributes to the error. 

It remains to show that i?2r(l) contributes to the error when compared to (|3.1Tj) 
as well. We show the case for r = first. The constant term clearly exhibits 
polynomial growth in the variable to. We use the asympotic for the incomplete 
Gamma function 

(3.19) T(s,x) r^x^e'* 
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as x — > oo. Hence 

(1 - k)T(k - l,4vrm)e 27rm < m k - 2 e - 27rm -> 

as m — > oo. We next move to bounding the sum of the remaining terms in p.9j) 
containing an incomplete Gamma function. For c <C s/mn we use the asymptotic 
for Jk-i(x) with x small, namely 

(3.20) J a (x) ' 



0(1), 



r(a+l) V2- 

to obtain 

Jk-i ( — \/\mn\ J < — 

V c / (mn) 4 

while for c 3> \Jmn we use the asymptotic 
(3.21) Ja(x) <~ \/— - cos f.T — 

V 7TX V 2 

for large parameters, giving 

- v fc-1 

V\ mn \ \ 



Jk-1 Vl 17171 ^ < 



Bounding the Kloosterman sum trivially by c, we now have absolute convergence 
on the sum in c > from the factor c k in the denominator. This gives 



(3.22) 



n 

n<0 OO 

fc— 1 

I m I — 



c 



<5Z 2 V^He- 2 ""|r(fc-l,-4^n)|<m*, 



n<0 



where we have used the asymptotic p,19p for the incomplete Gamma function to 
obtain absolute convergence on the sum in n < 0. In the case when r > 0, we 
now note that taking derivatives of the incomplete Gamma function changes the 
asymptotic behaviour by (27rn) a for some a € N with a < r < m, while taking 
the derivative with respect to y of q n behaves in the same manner. Hence the 
exponential decay of the terms shown above will follow through to show absolute 
convergence in the same way. Therefore this will contribute to the error term for 
all r e No- 

Hence only the terms with c > 1 and n > remain to bound £ l 2 r (l). We again 
show the result for r = and note that the full result follows by multiplying by an 
appropriate power of n. In these terms we bound the /-Bessel function with the 
asymptotic (|3.12j) for x large and 

(3.23) ^)-i>TT)(I) Q 
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for x small in order to obtain 
K 2 -k(-m,n,c) 

01 



E 



4-i (^-V\ mn \) 



«-^ E 

M 4 i< c « m 



K 2 -k(-m,n,c) 



E 



K 2 -k(-m,n,c) 



-fc-i 



since the second sum converges absolutely and exhibits only polynomial growth in 
Hence the sum of the remaining terms becomes 

, 1 



m 
n 



m 4 n 4 e v <C m- 



n>0 



(3.24) 

^ — ' i // 

n>0 

In the range n m 1+e , we have e - 2Tr ™+ 2 ' I '\/™" <g; e (-27r+e)n_ gi vm g absolute con- 
vergence in this range, while the maximal value for the exponential in the range 
which is obtained at n = ^. Hence the sum is bounded by 



n <C m 1+£ is e 2 



(3.25) 



= o (e s 



Thus we have established that E (l) = o (e 27rm ). 

We now move on to bounding i?2r(l)- The term with n = disappears for r > 0. 
For the terms with n > and c > 1, we note that each of the terms in (|3.24[) is 
multiplied by (27m) 2r for the corresponding term in E2 r (l). For r < \ + 1 this 
simply multiplies the bound in (|3.25|) by (27rm) 2r , while for r > | we bound the 
sum in (|3.24l) by the corresponding integral and then complete the square, which 
gives a term e^ m while rewriting the integral as one from Lemma l3~T1 with B = 2ir, 
A = , and I = 2r — — j . Lemma 13.11 then shows that this sum is bounded 
from above by 

m^ + i(2Trm) 2r e^ m = o ((2nm) 2r e 2mn ) 

and this term hence still contributes to the error. 

It remains to bound the terms with n < from £?2r(l). We first evaluate the 
derivative of T(k — 1, Ai:ny)e 2lxny . Using the product rule, if we always take the 
derivative of e 27vny and evaluate at y = 1, then this gives 

(27m)T(fc- l,47m)e 27m , 

while otherwise we took the derivative of e 27Tnv the first j times and then took the 
derivative of T(2 — k, Aimy). After this, we have 

(3.26) - (2 7 rn) J (47rn) fc - 1 2 / fc - 2 e- 2 ^. 

Taking the derivative of (|3.26p 2r times, we keep track of how many times we have 
taken the derivative of y k ~ 2 . With this accounting, the derivative evaluated at 
y = 1 becomes 

(3.27) (27m) 2 T(fc - 1, 47m)e 27m 
- (Ann) 



k-l 2r-i 



i=l j=0 



J 



1 



i - 1 



(k 



H-i 



(-27m) 



2r—j — i 
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We simplify so that the sum in Q3.27P becomes 

k— 1 2r— i . 

(3.28) ^(-ir(2 7 rn) 2M (fc-2) 4 _ 1 ]T (-1)' ' ' 



1=1 j=0 



i-1 



fe-l 2r-i / ■ -, \ fc-1 

E< 



= ^(-i)'(2^) 2r -(fc - 2),_ a ( r 2r J _ . 1 ) « ^™) 2M ^ m y 



by bounding the binomial coefficient naively against (2r) l ~ 1 and using r < to. We 
now bound the incomplete Gamma function with (|3 . 1 9|) , so that both terms are of 
the same asymptotic size and the corresponding sums may be treated simultane- 
ously. 

Noting that the maximal value of (27m)^e _27m occurs at 27m = r, the maxi- 
mal value from the sum XL>i(27rn) e ~ 27rn contributes to the error, and we may 
bound against the integral as we did in the main case. In this case, bounding by 
the integral J?° x^e~ x and using integration by parts \€\ times gives the bound 
<g; m^ +1 , exhibiting only polynomial growth in to. This concludes the 
proof of equation (|1.4p . 

We now show the statement that there is at most one root of F(m, 2 — fc; z) on 
the line iy. Note that for y ^ 1 and r = 0, the terms in equation (|3.13p are replaced 

by 



(3.29) e 27rmy - i k V^ V 

n>o ( mn V 



fc-i / / , — N 2 



Jm \ m 
cxp | —2ny [ \Jn I + 2n — 



When y < 1, since all terms are positive, the sum is bounded from below by 

— + \/m . , / o \ 

— VTO\ „ TO \ I v TO 



1 

n=-2i n>0 V ' 



TO 


fc— i / 




exp 1 


n 





27T— > exp 2ir 
V J V \ V 



and hence dominates the term e 27rrny . Thus iy cannot be a root of F(m, 2 ~ k; z) 
as this sum exhibits exponential growth and the terms E${y) will still contribute 
to the error. 

For y > 1, one similarly shows that e 2vmy dominates the terms of the sum, and 
hence iy also cannot be a root for to sufficiently large. 

In the case k = 2 (mod 4) there is no such root, while for k = (mod 4) 
there is always a root by modularity. Since the first derivative at z = i grows 
asymptotically as e 27rm in this case, we know that for to sufficiently large the root 
must be simple. □ 

We will also need the following simpler bound whenever to is fixed and the 
number of derivatives is taken to go to oo. Denote the holomorphic part of F(m,2 — 
k; z) by 

F(m, 2 - fc; z)+ = T(k)q- m + c y (n)q n , 

7l>0 

with Cy(n) given in Proposition 12. 3[ and likewise denote the r-th derivative with 
respect to y by F^(m, 2 — fc; z) + . 
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Proposition 3.2. When m is fixed while r — > oo we have the bound 
(3.30) 

i \ e+i' 



F (r) (m,2- k;i)+ = 



( £ - 



\2ire 1 



O 



1 
2^ 



e r 



(-- 



where I = r — — i. In particular, when k — 2 we have 

(3.31) F«(m,0;i) = F^(m,0;i) + < e + e ) F ( r ~ l) r *' 

Proof. First we see that for m fixed and r — > oo, the term 

(27rm) 2r e 2wm = O (c r ) 

for some constant c. 

We now deal with the terms coming from c y (n) with c = 1. Since to < r we have 

(27rm) 2r e 27rm = O ((27re^m) 2 '') . 

One also sees that when £ — > oo the maximum occurring in (|3.13p occurs at n equal 
to 



But then the maximal value from the sum (|3.13[) is 

/ 

f(xo) = 



.T 



yexp^l-fTr- 

where / is the function defined in (|3.14l) . Since y — > 0, this gives the estimate 

/(*>)<. (^y. 



We then write 



T = ^ 



1 /TO 1 /TO 2 



2V ^ 



<< l {l + £)<< ^ 



Obviously /(l) = O (c r ), so for the terms not contained in -B r (l) it remains to show 
that the integral contributes to the error in this case. For this, consider the integral 
in (|3.2p with A = \pm, B = 2tt and I as chosen above. 
We set 



a :=£(-! 



'1 + 2 



2^ + 1 
A 2 B 



so that the maximum of the value inside the integral 



(3.32) 



2£+l-Bx' 



{x + A) M+l e 



Ax 
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occurs at x = do. Call the integrand g(x). We write x = clq +y so that the integral 
is given by 

/ exp ((21 + 1) In (ao + A + x) - B (a + xf^j dx 
J —ao 

We expand the exponential as 

(-Ba 2 + (21 + 1) In (o + A)) - Ba x - Bx 2 + (21 + 1) In ( 1 



a + A 



The first two grouped terms give the maximal value g (ao), while the last term can 
be bounded by 

2£+l 

1 + <e^+* x . 



a + A 

This gives the bound for the integral (|3.32[) of 

/oo 
e- BaoX - Bx2+ ^ x dx«g(a ). 
-ao 

It remains to bound g (ao). Bounding 



< e 



and denoting 2£ + 1 = L, the fact that A and B are constants implies 

g (ao) < 





L r,i T L \ 



A L B^e^ 



e 



since 



A 2 B / 2L A 2 B\ 

ffip tV 1+ ^~ <<e 



et 



Plugging in B = 2ix gives the first approximation given in equation f|3 . 30[) and the 
second follows directly from Stirling's formula. 

The terms with c > 1 contribute to the error by the above argument combined 
with the fact that the maximal value g(x§) is asymptotically smaller in this case. □ 

Remark. Although one could obtain a bound in general for the terms coming from 
the non-holomorphic part of the Poincare series, we choose not to do so here because 
these terms will not play a role the asymptotic of the coefficients of the Faber 
polynomials. This occurs because we will only need the above bound when taking 
linear combinations of harmonic weak Maass forms which are weakly holomorphic 
modular forms. Since such forms are holomorphic in the upper half plane, their 
non-holomorphic parts must necessarily cancel and hence cannot contribute to the 
asymptotics for the coefficients of the Faber polynomials. 



4. Coefficients of the Faber Polynomials 
We have now set up the necessary tools to prove Theorem II .31 
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Proof of Theorem \1.SX We begin by combining ()2.3[) and ()2.4|) to obtain 



(4.1) >;„., (^^j E„ (z) = f F(m, 2-k;z)~y^ KFin. 2 - - /,: : > 



d 



^ (El{z)\ n , , 

Cm-d-1 v w 7 



0<n<m— d 

Since the order of vanishing at z = i on the left hand side is precisely 2r (resp. 
2r + 1) whenever k = 2 (mod 4) (resp. k = (mod 4)), we take the derivative of 
both sides 2r (resp. 2r + 1) times and then evaluate at z = i. We only write down 
the k = 2 (mod 4) case here. 

Since the left hand side is holomorphic in the upper half plane, the right hand 
side must be as well. We therefore will only need asymptotics for F^ r '(m 1 , 2 — w; i) + 
for some choices of r' , m' , and w. Since the main term in Theorem 11.21 came from 
the holomorphic part, one has the same asymptotic growth for F^ r ^(wf , 2 — w, i) + 
as for F^ r '(m',2 — w,i). Since we must take the derivative of each of the Eq(z) 
occurring on the left hand side exactly once and we may take the derivatives in any 
order, the derivative of the left hand side equals 

(4.2) (2r)!C 1 C 2 r c m , r . 

We will show that the 2r-th derivative of the right hand side of (|4.1I) is asymp- 
totically equal to F^ [m, 2 — k; i) and then the theorem will follow directly from 
Theorem O 

We first consider the terms Xm=i b n F(n, 2 — k; z). Choose an orthonormal basis 
gj G Sk- We may write gj = Y] 1 b n P(n, k; z) for some choice of b n G C, and the 
work of Bringmann and Ono [5 J shows that 

1 d 

Gj(z) :^j—jJ2(47:n) 1 - k b n F(m,2~k- 1 z) 

n=l 

is a lift for gj (that is, £ 2 -fc (Gj(z)) = gj(z)). Since {g -\j G {1, . .. ,d}} are orthog- 
onal, it follows that the Gj are independent, and hence give another basis for the 
space of harmonic weak Maass forms with principal part at most q~ d . Therefore 

d d 



\b n F{n;2-k;z) = Y d C j G j {z) 



for some constants Cj. Say that P(m,k;z) = Ylj=i a j,m9j- Then by integrating 
P(m, k; z) against itself, one obtains 



2 



(4.3) \\P(m,k-z)\\ = J2 

n=l 

and 

d 

f2-k,m(z) = F{m, 2-k;z) - 2J aj, m Gj(z), 

2=1 

since acts trivially on the right hand side so that it must be a weakly holo- 
morphic modular form, while f2-k,m{z) is the unique weakly holomorphic modular 
form with principal part q~ m + O (q ) . Since the bound given in Proposition 
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is independent of n for n fixed, we obtain the same asymptotic bound for Gj(z), so 
that 

Gf r \i) + < (2r) 2r = o ((2vrm) 2r ) = O (er^ m F^ r \m, 2 - k; . 

By (|4.3p . these terms will contribute to the error as long as \\P(m, k; z)\\ grows only 
polynomially as a function of m. Since the m-th Fourier coefficient of P(m, k; z) 
equals 

\\P{m,k]z)\\(4iTm) k - 1 

we can use the expansion 



c>0 



for the m-th coefficient. Due to a bound of Weil [T5], the Kloosterman sum grows 
at most like as a function of m. In the case c -C m, the J-Bessel function 
decays as a function of m, while for c>m the J-Bessel function grows like m - ^- ( 
so that we obtain polynomial growth in terms of m in both cases. It follows that 

d 

(4.4) ^b n F^ r \n,2-k;z) + = o (V (2r ) (m, 2 - i)+) . 

n=l 

We now consider the terms coming from the Faber polynomial with n ^ r. When 
r is bounded as a function of m we are done, since in that case these terms are 
bounded by 

'F( 2r )(m,2- k-i) 



C-rti,r — l O 

We hence assume that r —¥ oo. The 2r-th derivative of 

E s {z) Ye (z) 

~~K(z)) Ek ' {z) 

equals zero at z = i whenever n > r, since we cannot take a derivative of each 
E e (z) and E 6 (i) = 0. 

It remains to bound the terms with n < r. In this case, we keep track of how 

E 2 

many times we take the derivative of each term -^-(z) — F(l, 0; z) + c (for some 
constant c) and how many times we take the derivative of (z) when using the 
product rule repeatedly. The derivatives of the Ey {£) can easily be shown to satisfy 
the same bounds (actually, better bounds) as those given in (|3.31|) of Proposition l3.2l 
by writing the Fourier expansion for the Eisenstein series, so, for cosmetic reasons 
and for clarity of proof, we will treat them universally with the same bound. Assume 
that we are taking n derivatives of the first term, derivatives of the second term, 
and so forth. After reordering to force r\ < T2 < • • • < r n+ i with X)"^ 1 Ti ~ 
the number of times we take this many derivatives is counted by the multinomial 
coefficient 

r\\r%\ ■ ■ ■ (r n+ x)V 
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Thus, using (|3.31|) to bound the derivatives (note that for r bounded the asymptotic 
is also clearly true), we have the bound 

nH h»'„+i=2r 

We now use Sterling's formula to bound the ratio 
and the fact that 

n 



n+l \ r< / ^ 



, - + e 
2vr y V 2tt 



to bound the inner sum of (|4.5|) universally, giving the bound of (|4.5p from above 

by 



(4-6) (2 r )!(± +e ) 2r g Cm , n ^ 1 



2r r-1 

... -\ 

2ir 

n=0 ri<r2<-'<r n +i 
riH hr„ + i=2r 

The inner sum now counts the number of partitions of 2r into precisely n + l parts. 
We naively bound this by the Hardy and Ramanujan asymptotic 



p(2r) 



8rV3 



for the partition function. Since the r bounded case has already been completed, 
we may use induction to plug in the asymptotic for c mj „. Since C% > 1, which is 
easily verified by bounding E' 6 (i) = 1 + 504 YlnLi na^(n)e^ 2lTn > 1 and A(i) = 

e " 2 " UZi C 1 ~ e ~ 2m ) < e ~ 2 "> and 

( 2r ) ! fr, x2n . ,„ ^2r-2n ,„ n2« n ( {2lTmf r \ 

j- (2-Kvn) < (2r) (2irm) = U > ■ 

{2n)\ 

we may bound (|4.6p by 



For r sufficiently large, the factor + e) r goes to zero, and the theorem 

follows. □ 
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